INTRODUCTION
We will consider the problem of wave propagation through a composite anisotropic System H consisting of an elastic solid fl s containing a porous medium £l p saturated by a compressible viscous fluid. The standard elastic wave équation and Biot's low-frequency dynamic équations are used to describe the propagation of waves in fi s and Cl p , respectively.
The validity of Biot's low-frequency dynamic équations in to p implies that several physical assumptions are made. First, wave lengths have to be appreciably greater than the diameter of the pores. Also the fluid may flow relative to the solid causing friction to arise. Dissipation is assumed to depend only on such a relative movement between fluid and solid, which is supposed to take place according to Darcy's law of fluid flow through porous anisotropic media. Finally, the form of Biot's équations chosen in this work, which were presented in [5] , allows us to consider domains fl p having non-uniform porosity.
Appropriate energy-preserving boundary conditions are imposed at the contact surface between fl s and CL p . Also, absorbing boundary conditions for the artificial boundaries of the model are derived. These conditions are obtained from the conservation of momentum équations for anisotropic elastic solids and generalize those given in [12] for the isotropic case.
In a previous work [19] , the problem considered here was treated for the isotropic case but using another form of Biot's équations which is valid only for uniform porosity [3] , Also, several earlier papers are related to the subject. Biot's theory of propagation of elastic waves in fluid-saturated anisotropic porous media will be strongly referred [4, 5] . The problem of existence and uniqueness of the solution of Biot's équations for isotropic media with uniform porosity as well as numerical methods for the approximate solution of such équations were considered in [17, 18] . Finite element methods for solving the elastic wave équation in isotropic media were presented in [16] , Boundary conditions allowing conservation of energy flux through the interface between fl s and fl p were first given in [11] . The organization of the paper is as follows. In Section 2 we describe the composite anisotropic model and state the partial differential équations as well as the initial and boundary conditions describing it. In Section 3 we present some notation and results to be used. In Section 4 we first dérive the weak form of the problem and state the existence and uniqueness theorem for the solution of the composite System. Then we present the finite element spaces to be used for the spatial discretization and formulate the continuous and discrete-time Galerkin procedures. Since the existence and uniqueness results and the error bounds for the numerical methods can be obtained by repeating the arguments given for the model treated in [19] , all the theorems of this Section are stated without proof. In Section 5 we apply the results previously derived to the case of particular interest in exploration geophysics in which H is a two-dimensional transverse anisotropic composite System. Finally, in Section 6 we present the dérivation of the absorbing boundary conditions for anisotropic elastic solids used in our model.
THE COMPOSITE ANISOTROPIC MODEL
Let us identify the composite anisotropic elastic System with an open bounded domain ClczR 3 and assume that its boundary, denoted by dfi, is Lipschitz continuous. Let F o c dfl and T x = dCl\T 0 be the stress-free and artificial boundaries of the model, respectively. It will be assumed that both F o and T 1 have strictly positive da-measure, der being the surface measure on d£l. Let fl p c c= fl and fl s = fl\Ü p be the fluid-saturated porous medium and elastic solid parts of Cl, respectively, and set F 2 = dd p , that will also be assumed to be Lipschitz continuous. Next, on the set £l p the stress-strain relations can be described using a total stress tensor r tJ (u) for the bulk material and the fluid pressure p(u). They are given by [5] ,
Hère H = H(x) is a strictly positive coefficient and the ö,/s are such that ô ï; = ö/r Methods of measurement of the elastic coefficients A ljk g 9 Q l} and H in (2.3) are discussed in [4] . Now the strain energy density W p = W p {z l} (u x ) 9 V . w 2 ) in ftp can be written in the forai [5] ,
(2.4) 
Here [. , . ] e and || . || e dénote the usual euclidean inner product and norm in R n . In Section 5, necessary and sufficient conditions for the validity of (2.5) and (2.6) will be shown for the case in which H is a two-dimensional transverse anisotropic system.
Next, let p = p(jc) be the total mass density of bulk material in fl and let p^ = Pf(x) be the mass density of fluid in Cl p and assume that 0<p*^p(x)^p*<:OO > X S Ù ,
be a symmetrie positive define matrix which dépends on the coordinates of the pores and the pore geometry. Then let the mass matrix jrf(x) e R 6x6 be defined by
where / e J R 3X3 dénotes the identity matrix. Let X G (x) be the minimum eigenvalue of G(x). Then it will be assumed that xe which is a necessary and sufficient condition for the matrix si to be positive definite.
Let the nonnegative dissipation matrix with initial conditions 7F Equation (2.7.i)) is the standard elastic wave équation for Q, s , while (2.7.Ü)) is Biot's low-frequency dynamic équation describing the propagation of elastic waves in anisotropic fluid-saturated porous media in the context of nonuniform porosity [5] .
TP Equation (2.9.i)) represents the stress-free condition on T ö and (2.9.Ü)) is an absorbing boundary condition for the artificial boundary T 1 which is derived in Section 6, the factor D 1/2 in the right-hand side of (2.9.ii)) being the square root of the symmetrie positive definite matrix D of (6.2).
F Next, (2.9.iii)) states the continuity of the stress tensor on T 2 and (2.9.iv)) imposes the vanishing of the normal component of the relative movement between fluid and solid along F 2 . The last two boundary conditions are used in order to have conservation of energy flux through F 2 [11] . For the uniform porosity isotropic case, Biot's dynamic équation (2.7.Ü)) is equivalent to that given in [3] and the problem just stated above in (2.7)-(2.9) reduces to that treated in [19] .
NOTATIONS AND PRELIMINARIES
For an integer n 5= 1, dénote by (., Then, it can be shown that [9] ,
Also, recall that the following formula of intégration by parts holds [9] : Inequality (4.4) is the analogue of the Gàrding inequality for a second order elliptic operator. Now we will state the main theorem on the existence and uniqueness of the solution of problem (2.7)-(2.9). The proof is identical to that given in vol. 22 [19] for the uniform porosity isotropic case and will be omitted. Set Also, t/(0) and -(0) must be specified in (4.8) as approximations to dt u° and i; 0 , respectively. The error analysis performed in [19] can be repeated here to show that at U , -" + The explicit form of the constant C 4 above can also be found in [19] . Then the discrete-time Galerkin method for obtaining the approximate solution of problem (2.7)-(2.9) is defined as follows :
TP Again the error analysis given in [19] shows that max (\\d t (ui~U 1 T\\ 0
If the initial values U° and U 1 needed to initialize the procedure (4.9) are chosen as indicated in [19] , then the optimal order of convergence is preserved. This complètes the définition and analysis of the numerical methods related to the problem (2.7)-(2.9).
THE TWO-DIMENSIONAL TRANSVERSE ANISOTROPIC CASE
Hère the results obtained in the previous Sections will be applied to the case in which n is a two-dimensional domain and the bulk material is symmetrie with respect to the # 2 -axis in the following sense. Let Âijtf and Q t j be the tensors in the stress-strain relations (2.1) and (2.3) after a change of coordinates of the form x x = -x u x 2 = x 2 . Then we will assume that
The conditions above imply that plane waves travelling in the .^-directions show the same behaviour as the longitudinal and shear waves in isotropic media. Also, it follows from (5.1) that there are only seven independent coefficients in the stress-strain relations (2.1) and (2.3), which can be written as
CT 12 (MI) = 2N(X) e 12 (« 1 ) , and
In the above^^ -(u n ,^u 12 ) is the vector displacement in the solid part o£O and u 2 = ${ü 2 -u x ) =-{u 2 In any realistic seismic model we are led to consider wave propagation in infinité solids. One way of representing an infinité system by a finite one is to introducé non-reflecting artificial boundaries into the finite system. In this Section we will dérive boundary conditions ensuring that most of the energy arriving at the artificial boundary I\ will be absorbed. These boundary conditions will be obtained from the momentum équations of wave fronts arriving normally to I\, thus making it transparent to that kind of waves. For the isotropic case, the équations derived here reduce to those presented in [12] by Lysmer and Kuhlemeyer.
First we will summarize some results given in [10] about the velocity of waves in anisotropic solids. Let us consider a wave arriving normally to T x with a velocity c. The strain tensor on r x can be written in the form Next we observe that the total energy of waves arriving normally to T 1 is the sum of the partial énergies ir(u Cfc ) and the total force -o"(w x ). v 5 on F 1 is equal to the sum of the partial forces tF k . Then, according to (6, 6) Using (6.7) as boundary conditions on r l9 the conservation of momentum implies that the energy of wave fronts arriving normally to T t will be absorbed. Note also that when the medium Q, s is isotropic the diagonal matrix A = (A i; ) is given by A n = pa 2 , A 22 = A 33 = p(5 2 , a and 3 being the velocities of the compressional and shear waves, respectively, and that the rows of M contain the unit outward normal and two unit tangent vectors to T l in that order. Thus, in this case conditions (6.7) reduce to those given in [12] by Lysmer and Kuhlemeyer.
